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Abstract 

Misra, Prigogine and Courbage (MPC) demonstrated the possibility of 
obtaining stochastic Markov processes from deterministic dynamics sim- 
ply through a "change of representation" which involves no loss of infor- 
mation provided the dynamical system under consideration has a suitably 
high degree of instability of motion. From a mathematical point of view, 
MPC theory is a theory of positivity preserving quasi-affine transforma- 
tions that intertwine the unitary groups associated with deterministic dy- 
namics to contraction semigroups associated with stochastic Markov pro- 
cesses. In this work, dropping the positivity condition, a characterization 
of the contraction semigroups induced by quasi-affine transformations, 
the structure of the unitary groups admitting such intertwining relations 
and a prototype for the quasi-affinities are given on the basis of the Sz.- 
Nagy-Foias dilation theory. The results are applied to MPC theory in the 
context of statistical mechanics. 
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1 Introduction 

The conventional topological approach to the study of classical dynamical sys- 
tems is based on trajectories in the phase space f2 describing the point dynamics 
by a family St of endomorphisms or automorphisms of £1, namely, the time evo- 
lution 

lu uj t := S t LOo 

of single points ljq G fi, where t £ M or t £ K + := [0, oo) for flows and (eZor 
t £ Z + := {n £ Z : n > 0} for cascades. For systems presenting strong insta- 
bilities of motion trajectories lose operational meaning and dynamics is usually 
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formulated in terms of the motion of distribution functions. In the proba- 
bilistic approach, extensively used in statistical mechanics and ergodic theory, 
trajectories are replaced by the study of the corresponding Koopman and/or 
Frobenius-Perron operators [15] , which describe, respectively, the evolution of 
the observables and the probability densities of the system. In the Hilbert space 
L 2 = L 2 (f2, A, p) of square integrable functions on f2 -with respect to the refer- 
ence cr-algebra A and measure p- the Koopman operator Vt and its L 2 -adjoint, 
the Frobenius-Perron operator Ut, are defined as 

V t f(w) := f(Stu) , (U t p,f) = (p,V t f), 

where (p, f) — J n p(ui) f(uj) dp(ui) is the expectation value of the observable / in 
the density p. Reversible (automorphic) dynamics are then described in terms 
of a group of unitary operators {Ut} acting on L 2 . In a similar way, for quan- 
tum dynamical systems the evolution of wave-functions or density operators is 
determined by the unitary group Ut — e ttH generated by the Hamiltonian H. 
In contrast, systems qualified by irreversible undirectness of the evolution are 
associated with contraction semigroups {W 7 *}, the time parameter t taking pos- 
itive (integer or real) values if evolution is directed towards the future. Typical 
examples include heat equation, Boltzmann equation and stationary Markov 
processes. 

The problem of reconciling the apparent irreversible behavior of (macro- 
scopic) systems with the reversible nature of fundamental microscopic laws of 
physics, including both classical and quantum mechanics, is far from being com- 
pletely solved. Experimental and numerical results for microscopic irreversibil- 
ity have been recently published [21] . These examples show that microscopic 
irreversibility is associated to chaotic behavior and does not require that dy- 
namical equations violate time-reversal symmetry or that the system be cou- 
pled to a source of external noise. In the late 1970's Misra, Prigogine and 
Courbage (MPC) [Ml [T71 [HI [3j already discussed the question of the dynami- 
cal meaning of the second law of thermodynamics at microscopic level. MPC 
approach expresses irreversibility in terms of the existence of Lyapounov oper- 
ators -i.e., observables varying monotonically in time- and shows its close links 
with the inherent randomness of the system and its dynamical instability -for 
instance, mixing property is necessary-. MPC intrinsic randomness is based 
on the existence of non-unitary (invertible) similarity transformations A (called 
quasi- affinities in what follows) relating unitary dynamical groups {Ut} with 
Markovian evolution semigroups {Wt} through an intertwining relation of the 
form: 

W t A = AU t , (t > 0) . (1) 

In contrast with "coarse-grained" descriptions, relation ([IJ involves no loss of 
information and derived Markovian semigroups are not related to local point 
transformations in state space [18, 25 . Trajectories lose then operational mean- 
ing and the above extended distributional framework of dynamics must be con- 
sidered. On the other hand, contrary to "open-system" evolution, where irre- 
versible behavior is due to its interaction with environment, MPC theory refers 
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to irreversible behavior originating in the own dynamics of the system. 

Following a suggestion by Misra |16j , intrinsically random unitary evolutions 
{Ut} have been qualified by the existence of an internal time operator T, a self- 
adjoint operator satisfying [5]: 

U-tTUt = T + tI. 

The operator T allows the attribution of an average age to each state p which 
keeps step with the external clock time t for the evolved state Utp. The trans- 
formation A is then an operator function of the internal time T. Further work 
has been done studying the connections between deterministic dynamics and 
probabilistic processes, but the question of intertwining by a quasi-affinity is 
not yet well enough understood -see [1] and references therein-. 

This work deals with the intertwining relation ([1]) on the basis of the Sz.- 
Nagy-Foia§ dilation theory . Here the structure of the groups admitting such 
type of change of representation, a characterization of the induced semigroups 
and a prototype for the quasi-affinities are given in the following terms: a unitary 
group {U t } and a contraction semigroup {W t } satisfy the intertwining relation 
fl} for a quasi-affinity A if and only if (iff) {W t } belongs to the class C.\ and 
{Ut} is unitarily equivalent to the residual group {Rt} of the minimal isometric 
dilation of {Wt}; in such situation the quasi-affinity intertwining {Rt} and {Wt} 
is explicitly given. In other words, a contraction semigroup has unitary quasi- 
affine transforms iff it is in the class C.\, and there exist universal representatives 
for the unitary quasi-affine transforms: the residual groups, their functional 
models or, equivalently, the unitary *-asymptotic groups given by Kerchy |13j . 
Clear advantages derive from the existence of such universal representatives, 
as for example determining spectral properties or clarifying the links between 
intertwining quasi-affinities A and time operators T |10j . 

The paper is organized as follows. Section [5] includes the main results: Sub- 
section deals with single operators and Subsection l2.2l with groups and semi- 
groups. Proofs and additional comments are collected in Section^ Some of the 
consequences of these results are given in Sections 21 [S] and [5] The functional 
models are described in Section[4j some spectral properties and relations derived 
in Section [5] and, by way of conclusion, the results are applied to MPC theory in 
the context of statistical mechanics in Section [6l For the sake of completeness, 
the work ends with an Appendix about similarity relation. 

2 Main results 

Let us begin by recalling some definitions: 

Definition 1 a) Let Oi and O2 be Hilbert spaces. Let £(0.1,0.2) denote the 
space of bounded linear operators from Oi into 02- We shall write C{Oi) = 
£(Oi,Oi). Given operators W\ £ £(Oi) and W2 G £(^2), the intertwining set 
I(Wi, W2) is given by 

I{W 1 ,W 2 ) := {A e £(«i,« 2 ) : AWi = W 2 A} . 
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b) By a quasi- affinity from Tli to TL2 we mean a linear, one-to-one and 
continuous transformation A from Wj onto a dense subspace in H.2, so that A -1 
exists on this dense domain, but is not necessarily continuous. For bounded 
operators W\ acting on Hi and W2 on H2 we say that Wi is a quasi- affine 
transform of W% if there exists an quasi-affinity A G X(Wi, W2). Wi and W2 
are called quasi- similar if they are quasi-affine transforms of one another. 

c) By an affinity from TL\ to H2 we mean a linear, one-to-one and bicontin- 
uous transformation A : Tii — » 7^2- Operators Wi and W2 are called similar if 
there exists an affinity A g ^(WijWa) (and consequently A -1 e I(M / 2 ,W r i)). 
Similarity is an equivalence relation. W\ and W% are called unitarily equivalent 
if I(W\, W2) contains a unitary operator. 

While similarity is a rather strong relation, which preserves, for example, the 
spectrum, quasi-similarity does not have such strong implications. Conditions 
for similarity of contractions and unitary operators are well known and some of 
them collected in Proposition [31] of Appendix [XJ Here we are interested in the 
more general situation MPC theory deals with: the study of unitary quasi-affine 
transforms of contractions. 

2.1 Unitary quasi-affine transforms of contractions 

Let 7i C /C be two Hilbert spaces. Following the terminology and notations 
used by Sz.-Nagy and Foia§ in [55], for operators A : TL — > TL and B : K, — > K, 
we write A = pr B when (Ah, h') — (Bh, h') for all h, h' 6 H or, equivalently, 
Ah = P-j-cBh for all h G H, where P-h denotes the orthogonal projection of K, 
onto TL. We call B a dilation of A if 



Two dilations of A, say B on K, and £?' on /C', are called isomorphic if there exists 
a unitary operator U : /C — > /C' such that C//i = h ior h & H and S' = U~ 1 BU. 
For every contraction W on a Hilbert space 7i there exist an isometric dilation 
U+ on some Hilbert space /C+ D 7i and a unitary dilation J7 on some Hilbert 
space K. D TL, which are moreover minimal in the sense that K+ = Vo° U+H and 
K, = V-00 U n TL. These minimal isometric and unitary dilations are determined 
up to isomorphism, c.f. [261 Section 1.4]. In what follows we consider the 
minimal isometric dilation U+ of W embedded in its minimal unitary dilation 
U in the following way: K.+ := Vo° U n H and U+ := U\/c + , i.e., U+ is the 
restriction to /C+ of U . 

The isometric minimal dilation [/+ on /C+ admits a unique W^oZrf decompo- 
sition [261 Th.I.1.1] into a unitary part and a unilateral shift (see Lemma 1201 
below). The unitary part R, 1Z is given by 



A n = 



n = 1,2,... 



(2) 



OO 




(3) 



and is called the residual part of U+, /C+. 
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From now on 

Pm 

will always denote the orthogonal projection from /C+ or K, onto a closed sub- 
space M. Which space, fC + or fC, will be clear by the context. 

One has the following characterization of contractions having unitary quasi- 
afhne transforms: 

Proposition 2 Let TL be a Hilbert space and let W be a contraction on TL such 
that KerW — {0}. The following statements are equivalent: 

(i) W has unitary quasi-affine transforms; 

(ii) W belongs to the class C.\, i.e., 

lim W* n h ^ for each non-zero h S TL . (4) 
n — > og 

In such case the residual part R of the minimal isometric dilation of W is a 
(unitary) quasi-affine transform of W and 

A :=P h \K=(Pk\H)* (5) 

is an intertwining quasi- affinity belonging to I{R,W). 

Actually, every unitary quasi-affine transform is unitarily equivalent to the 
corresponding residual part: 

Proposition 3 Let TL be a Hilbert space and let W be a contraction on TL such 
that KerW — {0}. Then every unitary quasi-affine transform of W is unitarily 
equivalent to the residual part of the minimal isometric dilation ofW. 

The concepts of isometric and unitary asymptotes were introduced by Kerchy 
|14j for power bounded operators. Here for definitions we adopt universal prop- 
erties and restrict attention to contractions and their unitary ^-asymptotes. 

Definition 4 Let TL\ and TL2 be Hilbert spaces, let W E C(TLi) be a contrac- 
tion, U E OTL-i) a unitary operator and A E X(U, W). We The pair (A, U) is 
called a unitary * -asymptote of W if it has the following universal property: For 
any unitary operator V and any intertwining operator O E I(V, W) there exists 
a unique operator 9* E I(V, U) such that 8 = AS* . 

Now consider each unitary quasi-affine transform U of W together with the 
corresponding intertwining quasi-affinity A E T(U,W) in a pair (A, U). Then 
the unitary ^-asymptotes of W are just its unitary quasi-affine transforms: 

Corollary 5 Let TL be a Hilbert space and let W be a contraction on TL of class 
C.\ and such that KerW — {0}. Then the set of unitary ^-asymptotes of W 
and the set of unitary quasi-affine transforms ofW coincide. Both sets coincide 
with the set of unitary operators which are unitarily equivalent to the residual 
part of the minimal isometric dilation of W . 

Concrete realizations of unitary ^-asymptotes have been given by Kerchy 
[T4] in terms of Banach limits (see Remark [TBI below) . 
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2.2 Intertwining unitary groups and contraction semigroups 

Due to relation @ for dilations, the results of Section 12.11 for a single con- 
traction W and its unitary quasi-affine transforms (A, U) extend to the corre- 
sponding discrete semigroup {W"} n £M and group {U n } ne z in a natural way: 
A G I(U n , W n ) and U n is unitarily equivalent to the residual part R n for every 
n 6 N. In order to study intertwining relations between unitary groups and 
contraction semigroups for continuous time parameter, we will utilize their co- 
generators and the Sz.-Nagy and Foia§ functional calculus (see Section 13.21 for 
details). 

By a ( continuous one-parameter) semigroup on a Hilbert space Ti we mean 
a family {Wt}t>o C C(H) with the following properties: (1) W t W s = W t + S , 
for t, s > 0; (2) W = I; (3) s-lim^ s W t h = W s h, for each s > and h G H, 
i.e. s-limt_> s W t — W s , where s-lim denotes limit in strong sense in both ~H 
and C(H). A family {Wtjtgn is called a (continuous one-parameter) group if it 
satisfies (2) as well (2) and (3) for t, s G R. Thus, from (1) and (2), W-t = Wf 1 . 

In what follows {Wt}t>o shall denote a semigroup of contractions on a 
Hilbert space Ji and {£/ t '}t S R a unitary group on a Hilbert space W . 

Definition 6 A unitary group {J7 t '}t S R is called a unitary quasi-affine transform 
of a contraction semigroup {W t } t >o if there exists a quasi-affinity A G I{U' tl Wt) 
for t > 0. Two unitary groups {?7 t '}tgR and {C/ t "}tgR are called unitarily equiv- 
alent if there exists a unitary operator V G l{U' t , U") for every t G K. 

For a contraction semigroup {Wj}t>o with infinitesimal generator A, (Wt — 
exp(tA)), the cogenerator W of {M^tjt^o is the Cayley transform of A given by 

W = (A + I)(A- A = (W + I){W - I)- 1 . 

The cogenerator W is a contraction which does not have 1 among its eigenvalues. 
Moreover, the semigroup {W^}t S R+ consists of normal, selfadjoint, isometric 
or unitary operators iff its cogenerator W is normal, selfadjoint, isometric or 
unitary, respectively. Moreover, the residual group {Rt}teR of a contraction 
semigroup {W t } teR + (i.e., R t is the residual part corresponding to W t for every 
t > 0) is just the unitary group on 1Z whose cogenerator is the residual part 
R,K of for the cogenerator W of {W t } tm +. See [H Sect.III.8-9]. 

Here we have the extended versions of Propositions [5] and [3] for groups and 
semigroups. 

Theorem 7 Let Ji he a Hilbert space and let {Wt}t>o be a contraction semi- 
group on Ti. with cogenerator W such that KerW = {0}. The following state- 
ments are equivalent: 

i) there exist unitary quasi-affine transforms {J7 t '}t S R of {Wt}t>o! 

ii) {W t }t>o G C.\, i.e. 

lim W^li 7^ for each non-zero h G TC (6) 
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In such case the group of residual parts {Rt}teR f° r {Wt}t>o is a unitary 
quasi-affine transform of {Wt}t>o and the quasi- affinity Aq defined in be- 
longs to 2(R t ,W t ) for every t > 0. 

Theorem 8 Let TL be a Hilbert space and let {lT t } t >o be a contraction semi- 
group on TL of class C.,i and with cogenerator W such that KerW = {0}. Then 
every unitary quasi-affine transform {E/ t '}teR of {Wt}t>o is unitarily equivalent 
to the group of residual parts {i? t } t£ R for {Wt\t>a- 

Remark 9 The conditions given above in terms of {VFtli^o and {J7 t '}tGK can 
be written in terms of their respective cogenerators W and U' . Actually, A £ 
2(U',W) is equivalent to A e I(U{.,W t ) for t > (see Lemma [T51 below) . and 
conditions (H|) and © are also equivalent (see Sect. III. 9] for details). 

Corollary [5] extends in a similar way. 

3 Proofs and additional remarks 

Let us pass to prove the results of Section [51 Some of their consequences will 
be given afterwards. 

3.1 Intertwining unitary and contraction operators 

Recall that for an isometry V on a Hilbert space TL a subspace C C TL is called 
wandering if V n C _L V m C for every pair of integers m,n > 0, m ^ n -actually, 
since V is an isometry, it suffices that V n C _L C for n G N— . The orthogonal 
sum 

oo 

M + (C) :=0F£ 

n=0 

satisfies VM + (C) = ®fV n C = M+(C) G C. If U is a unitary operator on TL 
and £ is a wandering subspace for U, since U~ x is also isometric, U m C _!_ U n C 
for all integers m ^ n. The subspace 

oo 

M(C) := U n C 

n— — oo 

reduces U . M (£) does not determine C, only its dimension. 

For a contraction W on the Hilbert space TL with minimal unitary dilation 
U on K the subspaces C := (C/ - W)TL and := - W*)TL (the overbar 
denotes adherence) are wandering subspaces for U and the space K, can be 
decomposed into the orthogonal sum 

K. = ■ ■ ■ 8 E/* 2 £* © U*C* ® C* ®TL® C®UC® U 2 C © • ■ • 

M(C) and M(C*) reduce {/ and hence the same is true for the subspaces TZ := 
K,QM(C*) and 1Z* := K.QM(£). The residual part and dual residual part of U 
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are the unitary operators R :— U\n and := U\n t . Now consider the subspace 
:= UC* = (I — UW*)TL. Then C and are wandering subspaces for the 
minimal isometric dilation U+ of W (and hence for U) such that C (~l £* = {0} 
and 

£+ = TL © M+(£) = K © M+(£«). 

The following result is a lifting theorem for operators A intertwining con- 
tractions and unitary operators. In this case an explicit expression (jlljl for 
the lifting A + is given and the relevant part of the dilation is the residual one. 
Expressions similar to (jTTJ) have been considered in the study of Ptak genera- 
lization of Toeplitz and Hankel operators, see [H] and references therein. Here 
we give a proof based on that of the classical lifting theorem [Ml Th.II.2.3]. 

Lemma 10 Let TL and TL' be Hilbert spaces, let W be a contraction on TL with 
minimal isometric dilation U+ on K,+ , and let U' be a unitary operator on W . 
For every bounded operator A : Tl' — ► H satisfying the intertwining relation 

WA = AU' (7) 

the unique bounded operator A+ : TL' — > /C+ satisfying 

U + A + =A + U', (8) 

l|A|| = ||A + ||. (9) 

A = P H A+ , (10) 

is of the form 

A+ = s-limUlAU'- n . (11) 

n — *oo 

Moreover, the range of A + is contained in the residual part 1Z of K.+ , i.e. 

A+H'CK. (12) 

Proof: Since JC+ = TL®M + (C) the general form of an operator A + : TL' — > K.+ 
satisfying ([10]) is 

A+ = A + B + U+B x + U 2 + B 2 + • • ■ , (13) 
where each B n is an operator from TL' into C. From (fTS")) we deduce 

oo 

U+A+ - A+U' = U+(Bn-i - B n U'), 

n=Q 

with B-i = U + A - AU'. Because of we have B-± = (U + - W)A and thus 
B_i is an operator from TL' into C. Being U' unitary, in order that A + satisfies 
(jHJ, it is therefore necessary and sufficient that 

B n = Bn^U'- 1 for n = 0, 1, . . . , B_ t = (U+ - W)A, 
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so that 

B n = (U+ - W)AU'- (n+1) for n = 0, 1, . . . 

and, using 0, 

oo 

A+ = A + J] - W)AU'- (n+1) 

n=0 
oo 

= A + Ul +1 AU'- {n+1) - UlWKU'- {n+1) 

n=0 
oo 

= A + £ [/^ +1 AC/'-(" +1 ) - £7™WA[/'-( n+1 ) 

ra=0 
oo 

= A + Y Ul +1 kU'- {n+1) - UlKU'-' n 

n=0 

= A - A + s-lim UlAU'- n = s-lim UlAU'- n , 

n — >oo n — >oc 

being the last limit in strong sense on L(TL) because we are dealing with an 
orthogonal sum and for the iV-th sum and each h! S W, since C/+ is an isometric 
extension of W , we have 

N-l N-l 

\\(A+J2 U^B n )h'\\ 2 = \\Ah'\\ 2 + \\B n h'\\ 2 

n=0 n=0 
AT-1 

= HA/i'll 2 + \\{U+ ~ W)AU'- {n+1) ti\\ 2 



n=Q 
N-l 



\\Ah'\\ 2 + (\\AU'- {n+1 ^h'\\ 2 - \\AU'- n h'\f\ 
\\Ah'\\ 2 - HAh'll 2 + \\AU'- N h'\\ 2 



< ||A|| a ||l7'-"/i'|| a = ||A|| a ||/i'|| a . 

Moreover, since for all A + satisfying (fTU|) the inequality ||A|| < ||A+|| holds, we 
have ||A|| = ||A+||. 

Now, recall that K.+ — M+(£*) ®TZ corresponds to the Wold decomposition 
of [/+, being unitary and U-\-i M r£ \ a unilateral shift. Thus, being U' 

unitary, from © and ©, we have 

oc oo oo 

A+H' = pi A + U' n W = p| U$A+H' C p U1K.+ =K, 

n—0 n—0 n—0 

so that (fT2|) is proved. □ 



Remark 11 The operator A + : Ti 1 — > /C+ of Lemma [TOl can also be considered 
as an operator from tl' into the space K, D K, + where the minimal unitary dila- 
tion U of W is defined. We will denote this operator by A + as well. Obviously 
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A + : TL' — * K, is of the form 

A+ =s-limU n AU'- n (14) 

n — >oo 

and satisfies the conditions J7A+ = A + U' , ||A|| = ||A+|| and A = PhA + . From 
now on we shall use either meanings of A + without causing confusion. 

In order to prove Propositions [3] and we will need the following technical 
Lemmas. 

Lemma 12 Let TL be Hilbert space and let W be a contraction on TL with min- 
imal isometric and unitary dilations U+ and U on K + and K,, respectively, and 
R, 1Z the corresponding residual part. For a non-zero h G TL the following 
assertions are equivalent: 

(a) h± P H Tl; 

(b) s-\imW* n h = 0. 

n — >oo 

Proof: Let h be a non-zero vector such that h G TL and h _L PnR- or, 
equivalently, such that h&TL and h _L K. Since K + = K®M + {C*), h G M+(£*) 
and hence h has an orthogonal expansion h = X)m=o^ m ' 1 ™' wnere h m G £* 
and \\h\\ 2 = YZ=o \\ h m\?- Moreover, since W* = prt/^ 1 and U~ V L* _L TL for 
v > 0, we have 

oc 

W* n h = P n U- n h = P n J2 um ~ n}l m = PnJ2 um ~ nfl ™, 

m—0 m>n 

so that s-\imW* n h = s-lim U m ~ n h m = and (a)=S>(b) is proved. Now, to 

n — >oo n — >oo — ' 

m>n 

prove (b)=^(a) assume that for a non-zero h e TL one has s-lim W* n h — 0. Then 

n — >oo 

n-1 

2 [/ fe+1 (tT - W*)W* k h = h- U n W* n h G M+(£*) 
and s-lim(ft - £/ n W* n /i) = h £ M+(£*). Thus, ft _L P w 72.. □ 

n — >oo 

In what follows we come back to the Hilbert spaces TL and W of the lifting 
lemma [TOl 

Lemma 13 Lei 7i and W be Hilbert spaces. Let W be a contraction on TL with 
KerW = {0}, minimal isometric and unitary dilations U+ and U on K, + and K, 
respectively, and residual part R, 1Z. Let U' be a unitary operator on TL' which 
is a quasi-affine transform of W , i.e. there exists a quasi- affinity A : TL' — > TL 
such that 

WA = ALT', (15) 
and let A + : TL — > /C+ ( or A + : TL' — > /Cj 6e i/ie lifting operator given in or 
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(a) W G C.\, i.e. W* n h does not converge to for each non-zero h G TL; 

(b) KnM + (£) = {0}; 

(c) A + is a quasi- affinity from TL' into TZ such that RA + = h+U' . 

Proof: (a) Since A is a quasi- affinity from TL' to TL, we have TL — ATL' . 
Property JTOJ) says that A = P H A+. By (12]), A + W C ft. Thus, 

H = AW = P H A+H' c T^ft c W 

and therefore T^ft = But, by Lemma [H ~P~hR = H implies that W* n h 
does not converge to for each non-zero h G TL. 

(b) Suppose there exists a non-zero fc G ft H Ti,- 1 . Then k ± Al (£* ) and 
fc _L TL, so that A; G M + (C) and hence fc has an orthogonal expansion k = 
J2^ =0 U n k n , where k n G C and ||fc|| 2 = Y^=o ll^«l| 2 - Since k ^ 0, there is at 
least one non-zero k n ; let k v be the first of these non-zero terms. Then we have 

oo 

U- v - 1 k = U- 1 k v + Y J U^k y+l , +1 . (16) 

Since k G ft and 72. reduces [/, also U~' J - 1 k belongs to ft = /C Q M(£*) and, in 
particular, U~ l/ ~ 1 k _L £*. Moreover, J. £* for [i > and we deduce from 
(PI) that U- X K 1 C* and fc„ _L UC*. Since TL® C = UC* G J7ft, we conclude 
that k v G J77i. Thus there exists an h G such that fc„ = f/ft; consequently 
Pf-ik v — PnUh — Wh. Since C _L 7i, we have P^/c^ = and hence Wh = 0. 
But k v ^ implies h ^ 0, and this is in contradiction with Ker = {0}. 

(c) By ([12]), A+W C ft. We must prove that A + is injective and A + Tt' = ft. 
The injectivity of A + follows from that of A. Indeed, if there exist h[, h' 2 G TL' 
such that A + h[ = A+h' 2 , then PnA+h^ = PnA + h' 2 , that is Ah[ = Ah' 2 and 
thus h[ = h' 2 . Now suppose that A+TL' ^ TZ, i.e. that there exists a non-zero 
k G 71 such that k _L A+TL' and, then, (k, A + ti) = for all h! G TL' . Taking into 
account expression (jlip for A + and the relation A = PhA+ (see Lemma [T01 and 
Remark [TT]) we have then 

(k,A+h') = lim (k, U n AU'- n ti) = lim (U- n k,P H A + U'- n ti) = 

ri— *oo n— »oo 

= lim (U' n A* + P n U- n k, ti) = 0, for all /i' G W. 

n — >oo 

But this is equivalent to s-linin^oo U' n A*.PnU~ n k — 0, which, since U' is uni- 
tary, coincides with s-lim^-joo A*LPuU~ n k = 0. Thus, 

lim (AlP H U- n k,ti) = lim (P n U- n k,P n A + ti) = 

n — ►oo n— >oo 

= lim (P H U- n k,Ati) = 0, for all ti G 7i', 

and, since A is quasi-affinity, ATC is dense in TL and this implies 

s-limP-Hf7~"fc = 0. (17) 
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Now recall that K. + = Ti® M+(£) = TZ(B M+(£*) and that TZ reduces U to its 
residual part R and then U~ n k = R~ n k £ TZ for all k £ TZ and n £ Z. Therefore 
OH) implies s-lim^oo [/-"fc <E ft n M+(£), but, from (b), TZ n M+(£) = {0} 
and we have s-linin^oo U~ n k = 0, only possible if k = 0, since t/ is unitary. 
This proves A + Ti' = TZ. □ 



Remark 14 Under the conditions of Lemma fT3l except KerW = {0}, we have 
KerW^ n Rang A = {0}. Indeed, if there exists a non-zero h £ KerW and 
h = Ah' for some h! £ Til, from ([15]), = Wh = WAti = AU'h', so that 
U'h' £ Ker A and therefore A cannot be a quasi-affinity from Ti' into Ti. 

The main assertion of Lemma fT3l is that, given a unitary quasi-affine trans- 
form U' of a contraction W (with KerVK = {0}) and a quasi-affinity A inter- 
twining both operators, U' is also a quasi-affine transform of the residual part R 
of the minimal isometric dilation of W and the lifting A + of A is a quasi-affinity 
intertwining U' and R. An immediate corollary of this fact is that then U' and 
R are unitarily equivalent. 

Proof '.-[of Proposition [3] This follows from Lemma fT3l (c) and the fact that, 
if a unitary operator U\ on Ti\ is a quasi-affine transform of a unitary operator 
U2 on H2, then U\ and U2 are unitarily equivalent [551 Prop. II. 3.4]. □ 



Remark 15 Under the conditions of Proposition [3[ let U' be a quasi-affine 
transform of W and A £ T(U', W) an intertwining quasi-affinity. In the light 
of Lemma [131(c), the unitary operator V £ T(U',R) performing the unitary 
equivalence of U' and the residual part R can be written in terms of the lifting 
A + given in Lemma [T0l Indeed, A + 1 A + 1 ~ 1 extends by continuity to V, where 

|A+| = (a;a + )V2. 

Other consequence of Lemma [13] is the characterization of contractions hav- 
ing unitary quasi-affine transforms given in Proposition [2] 

Proof '/[of Proposition [2] First part follows from Lemma [131(a). Second part 
is then a consequence of [26l Prop. II. 3. 5]. □ 

Proof:[oi Corollary [5] Theorem 2 and subsequent comments in I4j plus 
Propositions [2] and [3] lead to the result. □ 



Remark 16 Kerchy [14] dealt with the following concrete realizations of the 
asymptotes of a power bounded operator: Let L denote a Banach limit, that 
is, a positive linear functional on the sequence space Z°°(N) with the properties 
L(l, 1, . . .) = 1 and L(c\, C2, C3, . . .) = L{c%, C3, . . .). Let Ti be a Hilbert space 
with inner product (•, •) and let W be a power bounded operator on Ti. Setting 

[h,g] :=L({(T n h,T n g)} n ), (h,g£H), 

and Tio :— {h £ Ti : [x,x] — 0}, the quotient Ti/Tio is an inner product space 
with the inner product [h + Tia,g + Tio] ■— [h,g]. Let Ti+' > = Ti+ W denote 
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the resulting Hilbcrt space obtained by completion. Since L is a Banach limit, 
[Th,Tg] = [h,g] for every h,g G ft. Hence W : h + ft i-> Wh + ft is a 
well-defined isometry on ft/fto. Let denote the continuous extension of 

Wo to the space T~l+ . According Kerchy, the isometry is the isometric 

asymptote of W, the minimal unitary dilation of , denoted by and 
acting on the space ft ( a ) = Tiyj , is the unitary asymptote of W, and the operator 

W^ a) := ((W*)^)* acting on ft£^, = ft$, is the wmtary ^-asymptote of W. 
Associated with them, the following intertwining operators: the quotient map 
A^ = A^ w from ft into 7t+: : h i— > h+Tio, the corresponding embedding 

A^) = A$ of ft into ftM, and Al a) := (A&i)*. Clearly, A^ q) € T( W, Wj a) ) , 
A( fl ) g X(W, W^) and A^/i = A< a )/i for every h G ft, and Al a) G X(W* (o) , W). 

3.2 Intertwining unitary groups and contraction semigroups 

In order to extend the results of Section 12.11 for single operators to groups and 
semigroup of operators let us begin by introducing some basic concepts about 
the functional calculus for contractions on Hilbert spaces given by Sz.-Nagy and 
Foia§ [251 Chapter III]. Let A be the algebra of functions holomorphic in the 
open unit disc D and continuous on D given by 

oo oo 

A : = |a(A) = ^ Cfc A fc with ^ \ c k\ < °°} > 

k=0 k=0 

with involution a(A) — » a(A) = a* (A*). Given a contraction W on a Hilbert 
space ft and a — CfcA fc G A we can define 

oo 

a(W) := c k W k , a(W)* = a(W*) , (18) 

k=0 

the series converging in operator norm. If W is a normal operator with spectral 
representation W n = J^^n A™ dK (n = 0, 1, . . .), definition (|18[) coincides with 

the usual one a(W) = $ a r w \ a(X) dK, since a(W) C D and CkX k converges 

uniformly on £>. For every function u holomorphic in D the function u r (X) :— 
u(r\) (0 < r < 1) belongs to A. Denote by the set of functions u in the 
Hardy class H°° of bounded and holomorphic functions on D for which u r (W) 
has strong limit as r — > 1 _ . For u G the operator u(W) is defined by 

u(W) := s-limu r (W) . (19) 

r— >1~ 

Given a semigroup {Wi}t>o of contractions with cogenerator W on a Hilbert 
space ft, one has [26l Sect.III.8-9]: 

W t =e t (W), (t G M + ) , 
W = s-lim^(Wt), 
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where e t (A) := exp (tj^j) and ip t (\) := jEtzj, for t & M+. 

Remark 17 Note that, since 1 is not an eigenvalue of the cogenerator W, every 
function of H°° which is defined and continuous on £)\{1} belongs to the class 
Hy/ [23 Th.III.2.3]. This is in particular the case for the functions e* (t > 0), 
which arc holomorphic on the whole complex plane except the point 1 and 
satisfy |e t (A)| < 1 on D and |e t (A)| = 1 on C\{1}. 

Intertwining relations can be extended from cogenerators to semigroups and 
conversely: 

Lemma 18 Let W and W be contractions on Hilbert spaces Ti. and Ti', respec- 
tively, and let A : TC — ► Ti be a bounded operator satisfying the intertwining 
relation 

WA = AW 1 . (20) 

Then, 

u(W)A = Au(W') , (u e H% n H%, ) . (21) 

In particular, ifW and W are the cogenerators of the semigroups {Wt}t>o and 
{W{.}t>Q, respectively, then h2(J\) is equivalent to 

W t A = AW/ , (t>0). (22) 

Proof: From flU it is obvious that W k A = AW' k for k = 0, 1, 2, . . . Then, 
from (dl|), 

a(W)A = Aa{W) , (a e A) , 

and (|2T|) follows from this and (TIT))) . Now, if W and W are cogenerators of semi- 
groups of contractions, the functions e* (t > 0) belong to H (Remark 
[T7|) ; therefore, (|22]1 follows from ([2Tj) in this case. Conversely, since ipt € H™ 3 for 
every t > and strong limit preserve intertwining relations (involved operators 
are bounded and there is no problem with domains), ([22]) implies ([20)) . □ 

We are ready to extend Propositions [3] and [5] for single operators to groups 
and semigroups: 

Proof v[of Theorems [7] and [8] With respect to the minimal dilations of semi- 
groups of contractions and their cogenerators we have the following: Let W be 
the cogenerator of a semigroup {W*}t>o of contractions on a Hilbert space H, 
let U, K, and J7+,/C+ be the minimal unitary and isometric dilations of W, and 
R, 1Z the residual part. Then U, and R are the cogenerators of the groups of 
unitary operators {Ut}teR and {Rt}t£R on /C and TL, respectively, and 17+ is the 
cogenerator of the semigroup {U+t}t>o of isometries on /C+, where Ut, U+t and 
Rt are the corresponding minimal unitary and isometric dilations and residual 
part of W t for each t > 0. See [26J Sect. III. 9] for details. Theorems [7] and [8] are 
straightforward consequences of these facts, Propositions [H and [3] and Lemma 

na □ 
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4 Functional models 



Functional models for contractions on separable Hilbert spaces have been given 
by Sz.-Nagy and Foia§ [26] on the basis of operator-valued characteristic func- 
tions. Let D and C denote the open unit disc of the complex plane C and its 
boundary: D := {A G C : |A| < 1} and C := {lo G C : \w\ = 1}. In C inter- 
pret measurability in the sense of Borel and consider the normalized Lebesgue 
measure du>/(2ir). Given a separable Hilbert space H, let L 2 (TL) denote the set 
of all measurable functions v : C — > Q such that J c \ \v(u)\\^ duj < oo (mod- 
ulo sets of measure zero) ; measurability here can be interpreted either strongly 
or weakly, which amounts to the same due to the separability of TL [T2]. The 
functions in L 2 (TL) constitute a Hilbert space with pointwise definition of lin- 
ear operations and inner product given by (u,v) := ^ J c (u(oj), v(u>)) u dw, 
(u,v G L 2 (TLj). Let us denote by H 2 (TL) the Hardy class of functions u(X) = 
^^ A fc afe, (a* G TL), with values in TL, holomorphic on D, and such that 
57 Ic \ \ u ( ruj )\\H du-i (0 < f* < 1), has a bound independent of r or, equivalently, 
such that Y. \W\\u < oo [H Sect.V.l]. 

For a contraction W on TL we can define the defect operators 

D w ■= (In - W*W) 1/2 , D w * := {I H - WW*) 1/2 , 

which are selfadjoint and bounded by and 1, with defect spaces 

V w := D^/H = (Ker D w ) x , Vw := D W .H = (Ker Dw) 1 - . 

The characteristic function of W, 

Q W (X) := [-W + \D w ,{I~\W*)- 1 D w \ Vw , 

is defined at least on D where it is a contractive analytic function valued on the 
set of bounded operators from T>w into T>w ■ F° r almost all w e C (with respect 
to the normalized Lebesgue measure) Qw(w) '■= s-lim0w(A) exists when A G D 
and A — > ui non-tangentially and coincides with the previous definition of Qw(^) 
when uj G Aw- In particular we have &w(u) = s-lim^!- Qw(ruj) almost 
everywhere (a.e.) on C. Such function induces a decomposable operator Qw 
from L 2 (T>w) into L 2 (T>w* ) defined by 

[Q w v](lu) := & w (u)v(w), for v G L 2 (V W ). 

The function Qw on D can be recovered from its boundary values on C by means 
of Cauchy or Poisson integrals (see [23, Sect. 4. 7] for details). The function 
Qw is called an outer function if QwH 2 (Vw) = H 2 (Vw*), the adherence 
taken in L 2 (T>w*)- For those u G C at which Qw(^>) exists, thus a.e., set 
Aw(uj) := [I — Qw^YQwi^)] 1 / 2 . Avk(^) is a selfadjoint operator on T>w 
bounded by and 1. As a function of u>, A^(u) is strongly measurable and 
generates by 

[Ajy»](u) := Aw(u)v(ui), for v G L 2 (Vw) , 
a selfadjoint operator Aw on L 2 (T>w) also bounded by and 1. 
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Definition 19 A contraction W on Ti is called completely non-unitary (c.n.u.) 
if for non-zero reducing subspace Tio for W is Wyn a unitary operator. 

The following canonical decomposition will be useful [26; Th.I.3.2]: 

Lemma 20 (Sz.-Nagy and Foia§) To every contraction W on a Hilbert space 
Ti there corresponds a uniquely determined decomposition ofTL into an orthogo- 
nal sum of two subspaces reducing W, say Ti — Ho®Tii, such that = W\Hq 
is unitary and = W\Tti is c.n.u.. In particular, for an isometry, this 

canonical decomposition coincides with the Wold decomposition. 

For a contraction W with decomposition W = © W^ 1 ' as in Lemma 

[2D] one has D w — © D w a), D w * — © D w , { i), V w — V wil) and T>w = 
T> w „(i). Hence, @w(ty = @vf< 1 >( / ^)- Moreover, the canonical decomposition 
W = © for the cogenerator W of a semigroup {Wtjt^o induces the 
same type of decomposition of the semigroup: W t = © (t > 0), 

with W t {0) = et(W<°>) unitary and = e t (W^) c.n.u.. Therefore we pay 

attention to c.n.u. contractions only. In order to study the unitary quasi-afhne 
transforms of a contraction W this restriction does not suppose loss of generality 
because the unitary part of W incorporates itself into any unitary quasi-afhne 
transform of W. 

A first consequence of our results is a characterization of contractions W with 
unitary quasi-affine transforms (W c.n.u. or not) in terms of their characteristic 
function 8^: 

Proposition 21 Let Ti. be a separable Hilbert space and let W be a contraction 
on Tt such that KerW = {0}. The following assertions are equivalent: 

i) W has unitary quasi-affine transforms; 

ii) the characteristic function @w of W is outer and 

KerOw C\H 2 {V W ) = {0} . 

Proof: Assume without loss of generality that W is a c.n.u. contraction. It 
is well known that the following assertions are equivalent: (a) W is of class C.%; 
(b) <dw is an outer function; (c) the operator Ao = Ph\7Z : TZ ^ Ti defined 
in has dense range. Also the following assertions are equivalent: (a) Aq is 
injective; (/?) Ker O w n H 2 (V W ) = {0}. See [26l Prop.VI.3.5] and pH Prop.2] 
for details. The result follows from these facts and Proposition [2] □ 

Proposition 22 Let Ti be a separable Hilbert space and let W be a c.n.u. con- 
traction on Ti of class C.\ and such that KerW = {0}. Every unitary quasi- 
affine transform of W is unitarily equivalent to the following functional model: 

TZ := A W L 2 (V W ) , 

R(v) := oj , (veti). 
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W is itself unitarily equivalent to the functional model given by 



TL := [H 2 {V W *) © A W L 2 (V W )} e {Q w w®A w w :w e H 2 
W(u* © v) := Ph(uju*(lu) © ujv{u))) (u* © v € Tt) , 



where is the orthogonal projection of K.+ := [H 2 (T>w) © AwL 2 (T>w)] onto 
Tt. 



Proof: By Proposition [2] every unitary quasi-affine transform of W is unitar- 
ily equivalent to the residual part of its minimal isometric dilation. Then the 
result follows from the result about functional models for c.n.u. contractions on 
separable Hilbert spaces, its dilations and residual parts given in [Ml Sect. VI. 2 



When W is the cogenerator of a semigroup {W t }t>o, Proposition!^ together 
with Theorem |8] and Remark [9] give a functional model for every unitary quasi- 
affine transform of {W^jt^o and for {W^jt^o itself, which are respectively of the 
form: 

R t {v) := e t (w)r;(u), (v £ K, t £ K) , 

W t (u* © v) := P 6 (e t (oj)u*(uj) © e t (tj)v(u)), (u* © v E H, t > 0) . 

An alternative form to this model can be given in which the roles of the unit 
disc D and its boundary C are taken over by the upper half-plane and the real 
axis [5]. Indeed, for an arbitrary separable Hilbert space Tt, the spaces L 2 (TL) 
and H 2 (TL) are tansformed unitarily -for measures dui/(2it) on C and dx/ir 
on R- onto, respectively, the space L 2 (R;7i) of all (strongly or weakly) Borel 
measurable functions / : R — » Tt such that ~ L ||/(^)||^ dx < oo (modulo sets 
of measure zero) and the Hardy class H 2 (R;Tt) consisting of the limits on the 
real axis of the functions f(z) which are analytic on the upper half-plane and 
for which sup 0<y<oo J R \ \f(x + dx < oo. This is carried out by means of 

the transformation u — » /, where 



Then the functional model takes on the following form: 

Theorem 23 Let Tt be a separable Hilbert space and let {Wt}t>o be a contrac- 
tion semigroup on Tt of class C. t \ and with cogenerator W such that KerW = 
{0}. Then every unitary quasi-affine transform of {Wt}t>o * s unitarily equiva- 
lent to the following functional model: 



and Th.VI.3.1]. 



□ 




where ^w(z) := &w 




11 := T W L 2 (R;V W ), 
R t (g):=e itx g(x), (g G H, t € R) , 

( — — ) and T w (x) := [/ - E w (x)*E w (x)} 



1/2 
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The semigroup {Wtjt^o is itself unitarily equivalent to the functional model 



H := [H 2 (R; V w , ) © Y W L 2 (R; V w )] © {E w w © T w w : w e H 2 (R; V w )} , 
W t {U © 9) ■= P A (e %tx f*(x) © e lte ff (x)), (/* © g € H, t > 0) . 

5 Spectral properties 



The study of the spectral properties of any unitary quasi-afhne transform of a 
contraction W (with KerVK = {0}), by virtue of Proposition [31 reduces to the 
analysis of the spectrum of the residual part of the minimal dilations of W . In 
addition, the following result is straightforward from Corollary together with 
Theorems 3 and 4 in Kerchy [T3]. 

Proposition 24 Let H. and TC be complex Hilbert spaces, W a contraction on 
TL of class C.\ and such that KerW = {0}, and U' an arbitrary unitary quasi- 
affine transform of W acting on TC' . Then: 

a) if W has an invariant subspace M and the matrix of W with respect to 
the orthogonal decomposition TL — M © N is 



then U' is unitarily equivalent to an orthogonal sum of unitary quasi-affine trans- 
forms U[ and U' 2 ofW\ and W%, respectively, i.e., the matrix ofU' with respect 
to TL' = W © N' has the form 



b) the spectrum a(W) contains cr(U') everywhere, that is, a(W) D o~(U') and 
for every non-empty-closed-and-open subset a of a(W) one has a n o~(U') 7^ 0; 

c) the resolvent function ofW dominates that of U' in norm: 



With respect to the point spectra cr p (U') and a p (W), i.e. the set of eigen- 
values, from Lemma [TO] and von Neumann mean ergodic theorem [11] we can 
deduce the following result in which the intertwining operator A is arbitrary 
and not necessarily a quasi-afhnity. 

Lemma 25 Let TL and TL' be complex Hilbert spaces, let W be a contraction on 
TL and let U' be a unitary operator on TL' . Assume ujq to be an eigenvalue ofU' 
and let u Q be a corresponding eigenvector. Then for every intertwining operator 
A G X(U',W) either Auq = or uj is also an eigenvalue of W and Au is a 
corresponding eigenvector. 





where M' = 



V„ eN *7'-™AM. 



\\(U'-zI)-i\\<\\(W-zL)-i\\, (zeC\a(W)). 
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Proof: Let U be the minimal unitary dilation of W, let Ey and Eyi be the 
spectral measures for U and V, respectively, and let A + the lifting of A given in 
Lemma [TU1 (and Remark II II) . According to von Neumann mean ergodic theorem 
[TT] we get 



1 N ~ 1 

A+u Q = s-lim U n AU'- n u a = s-lim — V U n AU'- n u 



n — >oo n — >oo TV 

n=0 

1 N ^ 

s-lim — V uj n U n Au = Eu({u })Auo 

n— »oc iv z — ' 

n=0 



(23) 



because -Ef/d^o}) is just the orthogonal projection over the subspace of Ti. of 
vectors invariant for uJq 1 U. Now, from pip , 

s-lim \U- n A+ - AU'~ n ] = 0. (24) 

n — >oo 

But, since U and U' are unitary, UA + = A + U' is equivalent to A + C/' _1 = 
U~ 1 A + and then A+f/'"" = [/-™A+ for n £ N. Thus (J54]) coincides with 

s-lim(A+ - A)U'- n = 0. (25) 

From ([23]) and (J25j) we obtain 

s-lim(A+ - A)U'- n u = s-lim u~ n (E v ({ uj }) - I H )Au = 0. 



Therefore either Auo = or ujq is also an eigenvalue of U and Auo is a correspon- 
ding eigenvector. From this we obtain the result since the eigenvalues of modulus 
1 and its corresponding eigenvalues coincide for W and U [26] Prop.II.6.1]. □ 

An immediate consequence of Lemma [25] is the following: 

Proposition 26 Let Ti be a complex Hilbert spaces and let W be a contraction 
on TL of class C.\ and such that KerW = {0}. Then for every unitary quasi- 
affine transform U' of W one has 

a p (U')=a p (W)nC. 

Proof: Lemma[25l implies a p (U') C o- p (W)nC, since now A is a quasi-affinity 
and Auq ^ for Uq ^ 0. On the other hand, the eigenspace corresponding to 
each A G a p (W) fl C is in the unitary part of W (Lemma [20]). which takes part 
of U', so that a p {U') D a p (W) f)C. □ 

The analysis of the spectrum of the residual part can be carried out through 
the functional model of W (Section [4J when we restrict attention to c.n.u. 
contractions on complex separable Hilbert spaces. 

Definition 27 For a c.n.u. contraction W, let e(W) denote the set of points 
lo G C at which Q\y(uj) exists and is not isometric. For any subset a of C, the 
essential support, denoted by "ess supp a" , is defined as the complement with 
respect to C of the maximal open subset of C whose intersection with a is of 
zero Lebesgue measure. 
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Proposition 28 Let Ti be a complex separable Hilbert spaces and let W be a 
contraction on Ti of class C.\ and such that KerW — {0}. Then the spectrum 
o~(U') of every unitary quasi-afjine transform U' ofW is the perfect set (closed 
set without isolated points) of C 

o~{U') = ess supp e(W). 

Moreover, the spectrum ofU' is absolutely continuous, <j{U') = u ac (U'). Then, 
o- p (W) nC = a p (U') = 0. 

Proof: The result follows from Proposition [3] and [26], Prop. VII. 5.1]. That 
a p (W) = a- p (U') = follows from Proposition [26l □ 

In the light of Propositions 121)1 and |2"51 the point spectra a p (U') and a p (W), 
and the continuous singular spectrum o~ sc (U'), are associated to the unitary part 
of W only. More interesting results about the spectrum of the residual part and 
its multiplicity have been obtained by Petrov [20] and Exner-Jung [4]. 

Results in this Section extend without difficulty to semigroups of contrac- 
tions and their unitary quasi-affine transforms. Moreover, Foias-Mlak spectral 
mapping theorem [5] states that for a c.n.u. contraction W the spectral mapping 
theorem holds in the usual sense, i.e. 

o-MW)} = n[a{W)\ , 

if the set of points of C to which the function /j, 6 H°° can be continuously 
extendable include all u> G a(W)<lC. Thus, under the conditions of Theoreml28l 
if W and U' are cogenerators of a semigroup {W^j-t^o of c.n.u. contractions on 
Ti. and a group {{7 t '}tgR of unitary operators on TL' , respectively, and 1 ^ cr(W), 
then 

a[W t ] = e t [o-(W)) , (t>0), 
a[Ul] = eMU')}, (te8). 

6 Intrinsic randomness in statistical mechanics 

By way of conclusion let us apply the above results to MPC theory in the 
context of statistical mechanics. For it, consider an abstract dynamical sys- 
tem (ft, A, fi, {St}), where is the phase space of the system equipped with 
the cr-algebra A and {St} is a group of measurable point transformations on 
fl preserving the probability measure fi (automorphic case). As it has been 
commented in the Introduction, the evolution of density functions (states) p in 
L? = L 2 (£l, A, fi) under the given deterministic dynamics is described by the 
Frobenius-Perron unitary group {U t } induced by {St}'. 

U t p{uS) := p(S-tOj) , ujefl. 

On the other hand, every Markov process on Q with stationary distribution \x 
is associated with a continuous semigroup of contractions \Wt} on L 2 preserving 
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positivity (i.e. p > implies W t p > for t > 0) and satisfying W*l = 1, where 
the constant density 1 is the equilibrium state. From the point of view of the 
second law of thermodynamics, we are interested only in irreversible Markov 
processes which correspond to monotonic Markov semigroups, i.e. 

\\Wtp — 1|| decreases monotonically to as t — > oo , (26) 

for all states p ^ 1. 

Definition 29 The deterministic dynamics with induced unitary group {U t } 
on L 2 is said to be intrinsically random |16j if there exists a quasi- affinity A G 
X({/ t , W t ) for t > (see Definition [T|) for a monotonic Markov semigroup {Wt}. 
In such case, {Wt} is called a random image of {£/*}. This implies that A 
preserves positivity, Al = 1, and A preserves normalization (i.e. J pdpL = 
J Apdp, for p > 0). 

In what follows we focus attention on flows (continuous time parameter t) 
and assume KerVF = {0} for the cogenerator W of {Wt} (equivalently, —1 ^ 
o~ p (A) for the generator A of {Wt}). The superfluous one-dimensional subspace 
of L 2 spanned by the constant functions shall be denoted by C. 

Among other things, we have proved the following: 

Corollary 30 Let {Ut}teR be an intrinsically random unitary dynamics with 
random image {Wt}t>a on L 2 . Then: 

a) {Wt\(L 2 QC)}t>o i s o. c.n.u. contraction semigroup of class Coi, i-e., 

s-lim^oo W / t| (L 2 eC) = and 

S-lim WtTr L 2Q C sp 7^ for every nonzero p 6 L 2 C ; 

b) {Ut}te& is unitarily equivalent to the residual group of the minimal dilation 
of{W t }t> ; 

c) {Ut}tes. is unitarily equivalent to the group of unitary ^-asymptotes of 
{Wt}t>o, in particular, those of Remark ] 16\ 

d) {^*|(i 2 eC)}teR is unitarily equivalent to the functional model given in The- 
orem \2Sl with W the cogenerator of {W*|(L2 eC )} t >o; 

e) a p (Ut) = o~ p (Wt) flC = {1} and the eigenspace is C, for every t > 0; 

f) <?( u t\(L'eC)) = °~ac(Ut\( L 2 eC )) = ess supp e(W t ), for every t > 0. 

Proof: (a) follows from Theorem [7] and condition (|2"6"|) . (b) is just Theorem 
[5J (c) is a consequence of Corollary^ (d) follows form Thcorcm[231 (e) and (f) 
follow from Proposition [551 D 
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A Similarity 

The relation of similarity between operators has been defined in Definition [TJ 
For contraction operators, conditions for similarity to unitary operators have 
been given by Sz.-Nagy-Foia§ [551 Sect. IX. 1] and Gokhberg-Krein [7J. A study 
of similarity to unitary operators for more general classes of operators can be 
found in Sakhnovic [23], van Casteren [5] and Naboko [19] , 

For the sake of completeness, the criteria obtained by Sz.-Nagy-Foia§ Gokhberg- 
Krem are collected in the following: 

Proposition 31 Let W be a contraction operator on a Hilbert space Ti.. The 
following statements are equivalent: 

a) W is similar to a unitary operator. 

b) W is invertible and linin^oo ||W _ ™|| < oo. 

c) The strong limit V := s-limn^oo W* n W n (which exists and is a non- 
negative operator) is uniformly positive, that is V > 51 for some positive 
number 5. 

d) W is invertible and s-linin^oo W*~ n W~ n exists and belongs to C(7~l). 

e) The open unit disc D is contained in the resolvent set of W and there 
exists a constant a such that 

- WO" 1 !! < y~~\x\ ' {XeD) - 

Actually, it suffices to assume that at least one point of D belongs to the 
resolvent set of W and that 

\(\i-W)h\\ > — — \\h\\, (\eD,heH). 

a 

f) The characteristic function @w of W satisfies the conditions 

\\e w {X)g\\ > c\\g\\ , (A e D, g e V w ) , 

and 

e w (\)v w = v w , , (a e .D) , 

the second one at least at one (and then at every) point of D. 
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g) &wW is boundedly invertible at every A G D and ||©y^(A) 1 || have a 
bound independent of X on D. 

h) There exists a left continuous decomposition of the identity P(t) (0 < t < 
2tt) separating the spectrum a(W) C C of W (i.e. (i) P(t)WP{t) = 
WP(t)(0 < t < 2ir), (ii) o-(W\P(t)H) C {e u :0 < t < t} and (lii) 
a {{I - P{t))W\(I - P{t))H) C {e lt :T < t < 2ir}) and such that the 
operator function d]^ 2, P(t)D^y 2 satisfies a Lipschitz condition, that is 

||^ 2 (P(< 2 )-P(<i))^ 2 || <C |t 2 -ill, (0<ii <h <2tt). 

Under the conditions of Proposition 1311 W is similar in particular to the 
residual part of its minimal unitary dilation. Moreover, the least upper bound 
of ||0w(A) _1 || on D is equal to the minimum of ||A|| and ||A _1 || for the inter- 
twining operators A such that AWA' 1 is unitary. 
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